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Flavor democracy broken in the fermion mass matrix by means of small perturbations can
give rise to hierarchical fermion masses. We study the breaking of the SL3 × SR3 symmetry
associated with democratic mass matrices to a smaller exchange symmetry SL2 × SR2 in the
charged lepton, up and down quark sectors. An additional breaking of the SL2 ×SR2 symmetry
is necessary for the down quark mass matrix, which yields arbitrary perturbations in that
sector. On the other hand, we require the neutrino mass matrix to be diagonal at the leading
order, with the perturbations left arbitrary due to the absence of any guiding symmetry. We
show that the interplay between these two kinds of perturbations reproduces the quark and
lepton mass and mixing observables for either hierarchy of neutrino masses.
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2I. INTRODUCTION
Flavor mixing has long been established in both quark and lepton sectors. However, the standard
model (SM) of particle physics does not offer an explanation of the observed flavor structure
in either sector. In fact, the Yukawa couplings of the recently discovered Higgs boson are the
least understood part of the SM. Over the years various attempts have been made to explain
the flavor structure of the SM fermions. In principle, one can follow either a top-down or a
bottom-up [1–3] approach. In the former case, one starts by imposing a flavor symmetry to the
theory, followed by prescriptions to break that symmetry to generate the Cabibbo-Kobayashi-
Maskawa (CKM) and Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrices. The observed mixing
patterns are then explained in terms of some residual symmetry. In contrast, in the latter case
one attempts to reconstruct residual symmetries from the mixing patterns in both up-type and
down-type fermion sectors [4], and then the full flavor symmetry is obtained as a product group
of residual symmetries [5]. This is called the phenomenological mass matrix approach. Residual
symmetries, however, control the mixing pattern in both cases [6] and can establish a sum rule [7]
between the Dirac CP phase and mixing angles. We adopt the second approach in this paper.
It is well known that the mixing pattern in the lepton and quark sector differ significantly.
While the lepton sector exhibits large mixing angles, the mixing angles in the quark sector are
small. The observed lepton and quark mixings are a combination of mixings in the down and
up-type fermions, with VPMNS and VCKM in the lepton and quark sectors given by V
†
` Vν and V
†
uVd,
respectively. Although the disparity between the above mixing patterns may appear puzzling, a
unified framework can be constructed if both up- and down-type quark matrices and one of the
lepton or neutrino mass matrices possess the same mixing pattern. Then large mixing angles can
be generated in VPMNS, and at the same time keeping VCKM close to the identity.
Approximate democratic mass matrices [8–16] for both up- and down-type quarks offer an
exciting avenue to explain the small CKM mixing angles and the large hierarchy of quark masses.
The application of the same hypothesis to both charged lepton and neutrino mass matrices leads
to too small mixing angles in VPMNS. Instead, if the neutrino mass matrix assumes an almost
diagonal form, then VPMNS can easily have two large mixing angles [2, 3]. The charged lepton mass
matrix remains democratic, leading to a natural explanation of the hierarchy in their masses, with
m1 = m2 = 0 at the leading order. However, one needs to break the residual S3 symmetries in the
up, down, and charged lepton mass matrices to accommodate nonzero light fermion masses and to
fit the experimentally measured mixing angles.
3Such a study is performed in Ref. [17] under the assumption that there is no remnant symmetry
in the up, down, and charged lepton mass matrices, after the SL3 ×SR3 symmetry in the democratic
matrices is broken. Hence, there is no guiding symmetry to regulate the small perturbations, and
the perturbations are random. In contrast, we consider a residual SL2×SR2 symmetry in the up, down
and charged lepton mass matrices [11]. However, the SL2 × SR2 symmetry in the down sector needs
to be broken eventually. Also, we assume that there is no residual symmetry left in the neutrino
sector allowing the perturbations in that sector to be arbitrary. We take neutrinos to be Majorana
particles. (Previously, Ref. [16] studied SL3 × SR3 → SL2 × SR2 breaking with different subsequent
breaking patterns than we consider.) Our approach is different from the anarchy scenario [18] in
which the mass matrix elements are unconstrained.
The paper is organized as follows. In Section II we review the origin and predictions of demo-
cratic mass matrices. We discuss the consequences of breaking the SL3 × SR3 to a smaller SL2 × SR2
symmetry in Section III, and show that solutions can be found that are consistent with all mass
and mixing constraints in the lepton and quark sectors. We conclude in Section IV.
II. DEMOCRATIC MASS MATRIX
Without Yukawa matrices the SM has an U(3)5 global symmetry. One can start building a
model with flavor structure by using a maximal subgroup of U(3)5. Following Ref. [3], our starting
point is O(3)L{Q,L}×O(3)R{uc,dc,ec}. In the above model, the O(3)L symmetry in the neutrino sector
is explicitly broken by ΣL, which transforms as (5,1) under the symmetry groups and takes the
form diag{a, b,−a− b}. This gives a diagonal neutrino mass matrix at the leading order. Besides,
the explicit breaking of the flavor symmetry prevents the existence of unwanted Nambu-Goldstone
bosons. On the other hand, the charged leptons obtain mass at the leading order from another
explicit breaking of O(3)L×O(3)R by φL,R, which transform as (3,1) and (1,3), respectively. The
vacuum expectation values (VEV) of φL,R have a structure 〈φL,R〉 = (1, 1, 1)T vL,R, resulting in
a democratic mass matrix for the charged leptons preserving an SL3 × SR3 symmetry. The up and
down-type quarks obtain mass at the leading order similarly to charged leptons.
The democratic fermion mass matrix, possessing SL3 × SR3 symmetry has the form [8–16],
Mf =
M0
3

1 1 1
1 1 1
1 1 1
 , (2.1)
where M0 is the characteristic mass scale [2, 3]. This matrix can be diagonalized by Mf = VLDfV
†
R,
4where VL (VR) are mixing matrices for left (right) handed fermions, and Df = diag{m1,m2,m3}
is the diagonalized mass matrix. Now, VL can be determined by diagonalizing MfM
†
f = VLD
2
fV
†
L ,
whereMfM
†
f has the same form asMf with a normalization constantM
2
0 /3. Thus, by diagonalizing
MfM
†
f the most general form of VL is
V †L =

eiβ1
eiβ2
eiβ3


− 1√
2
1√
2
0
− 1√
6
− 1√
6
2√
6
1√
3
1√
3
1√
3
 ≡ RV0 , (2.2)
where each mass eigenvalue is associated with a rephasing degree of freedom denoted by βi (i =
1, 2, 3). It is obvious from Eqs. (2.1) and (2.2) that the squared eigenvalues generated by di-
agonalizing MfM
†
f are {0, 0,M20 }, thus producing a natural hierarchy in the respective fermion
sectors.
In the lepton sector, since Vν = I at the leading order, Eq. (2.2) is the PMNS matrix. The
mixing angles in terms of the standard PMNS parametrization are [12, 15]
θ13 = 0
◦ , θ12 = 45◦ , θ23 = 54.7◦ , (2.3)
which are clearly in tension with the measured values of the mixing angles for neutrinos [20]. Hence,
it is imperative to break the democracy in the charged lepton mass matrix of Eq. (2.1). This is
also needed to provide a nonzero mass to mµ.
On the other hand, in the quark sector both up- and down-type quark mass matrices have a
democratic form, so that VCKM is simply the identity matrix with no rephasing matrices. Also,
m1,2 = 0 in both quark sectors. Again, we need a deviation from democracy in the quark sector
to explain the observed quark masses and mixing angles.
III. BROKEN DEMOCRACY
In this section, we discuss the consequences of breaking the democracy in the mass matrices
with SL2 × SR2 invariant perturbations, and comment on perturbations preserving other smaller
discrete exchange symmetries.
It is reasonable to assume that once the SL3 × SR3 symmetry in the democratic mass matrix is
broken, there will not be any remnant symmetry in the charged lepton mass matrix. In Ref. [17],
anarchic random perturbations are employed to write Mfij =
M0
3
(1 + δij), where 0 ≤ |δij | ≤ δmax
5and the phases of δij are randomly scanned. The peak of the mixing angle and Dirac CP phase
distributions are found to be stable against different values of δmax.
In contrast, we assume that the SL3 × SR3 symmetry in the democratic mass matrix breaks to
a smaller exchange symmetry SL2 × SR2 . Thus, the perturbations to the charged lepton and quark
mass matrices are SL2 × SR2 invariant in our model. Although me = 0 in this case, the measured
electron mass can be easily generated by radiative corrections. The general form of charged lepton,
up, and down quark mass matrices with SL2 × SR2 perturbations is given by
Mf =
M0
3
[
1 1 1
1 1 1
1 1 1
 +

a a b
a a b
c c d

]
, (3.1)
where {a, b, c, d} ∈ C. As usual, to obtain the PMNS matrix we need to diagonalize MfM †f . We do
this sequentially to get some insight about the mass matrix. First, we reduce MfM
†
f to the form,
M˜2f =
M20
9

0 0 0
0 X Y
0 Y ∗ 9 + Z
 , (3.2)
by evaluating V0MfM
†
fV
†
0 , where V0 is defined in Eq. (2.2). Here, X,Y and Z are
X ≡ 2
3
[|b|2 + |d|2 + 2|a− c|2 − 2Re(bd∗)] ,
Y ≡
√
2
3
[|d|2 + 2|c|2 − 4|a|2 − 2|b|2 − 3(2a+ b− 2c− d)
+4a∗c− 2ac∗ + 2b∗d− bd∗] ,
Z ≡ 2
3
|2a+ c|2 + 1
3
|2b+ d|2 + 2Re(4a+ 2b+ 2c+ d) . (3.3)
From Eq. (3.2) it is obvious that me = 0 with the remnant SL2 × SR2 symmetry. Now, M˜2f can be
diagonalized by M˜2f = T
†D2fT , where
T =

1 0 0
0 cθT sθT e
iαT
0 −sθT e−iαT cθT
 . (3.4)
We obtain the following masses for the charged leptons, up and down quarks:
m21 = 0 ,
m22 =
M20
9
[
9 + Z +X
2
−
√(
9 + Z −X
2
)2
+ |Y |2
]
,
m23 =
M20
9
[
9 + Z +X
2
+
√(
9 + Z −X
2
)2
+ |Y |2
]
. (3.5)
6The PMNS matrix becomes
VPMNS =

− 1√
2
1√
2
0
−cθT,`√
6
+
sθT,`e
iαT,`
√
3
−cθT,`√
6
+
sθT,`e
iαT,`
√
3
2cθT,`√
6
+
sθT,`e
iαT,`
√
3
cθT,`√
3
+
sθT,`e
−iαT,`
√
6
cθT,`√
3
+
sθT,`e
−iαT,`
√
6
cθT,`√
3
− 2sθT,`e
−iαT,`
√
6
 . (3.6)
It is clear from the above matrix that θ12 = 45
◦, θ13 = 0◦, and θ23 is given by
cos θ23 =
∣∣∣∣cθT,`√3 − 2sθT,`e
−iαT,`
√
6
∣∣∣∣ . (3.7)
Similarly, the only nonzero mixing angle in the CKM matrix is given by
cos θ23 =
∣∣cθT,ucθT,d + sθT,usθT,dei(αT,u−αT,d)∣∣ . (3.8)
It is evident from the discussion above that SL2 ×SR2 perturbations to democratic mass matrices
themselves cannot explain the observed masses and mixings of the SM fermions and that additional
perturbations need to be included to account for the experimental values of the fermion masses
and mixings. We find that each of a, b, c and d alone of magnitude 0.2− 0.3 can fit the mass ratio
mµ/mτ in the 3σ range. However, the relations of Eq. (3.5) do not reveal any correlation between
a, b, c and d. For simplicity we focus on two special cases of the SL2 × SR2 perturbation matrix in
Eq. (3.1):
• Case I: We examine scenarios where only one of a, b, c and d is nonzero. We find that the
results from all such scenarios are similar. Hence, we discuss only the case with a = b = c = 0,
and d 6= 0, which leads to a fermion mass matrix of the form,
Mf =
M0
3
[
1 1 1
1 1 1
1 1 1
 +

0 0 0
0 0 0
0 0 |d|eiαI

]
; (3.9)
• Case II: We consider a special case where the democratic SL3 × SR3 symmetry in the charged
lepton, up, and down quark mass matrices are broken by fields φ′L,R, with
〈
φ′L,R
〉
= (a, a, b)T .
φ′L,R are triplets of O
L
3 ×OR3 and so a, b ∈ R. Consequently the fermion mass matrix reduces
to the form,
Mf =
M0
3
[
1 1 1
1 1 1
1 1 1
 + eiαII

a2 a2 ab
a2 a2 ab
ab ab b2

]
, (3.10)
7where αII is the relative phase between the first and second terms. Note that mass terms for
fermions can also be generated from the interactions φ′L ⊗ φR and φL ⊗ φ′R, but such terms
are removed by imposing the parity symmetry.
We now show that by including arbitrary small perturbations to the neutrino and down quark
mass matrices, along with SL2 ×SR2 perturbations in the charged lepton and up quark mass matrices,
all the mass and mixing observables in both the lepton and quark sectors can be reproduced. It
is not unnatural to assume arbitrary perturbations in the neutrino mass matrix since there is no
guiding symmetry left in the neutrino sector. On the other hand, both up and down quarks obtain
their masses in a manner similar to charged leptons. So the perturbations in both up and down
mass matrices are expected to preserve the SL2 × SR2 symmetry. However, this yields θ12 = θ13 = 0
in the CKM matrix. Consequently, to fit the CKM matrix, we are forced to assume that the
SL2 ×SR2 symmetry in the democratic down quark mass matrix is entirely broken, and the resulting
perturbations are a combination of SL2 × SR2 invariant and arbitrary perturbations. In principle,
the SL2 × SR2 symmetry in the charged lepton and up quark sectors can also be broken, but such a
breaking must be much softer than in the down quark sector since the hierarchy in the down quark
sector is milder than the other two sectors.
A. Mass and mixing observables in the lepton sector
We numerically compute the eigenvalues of the charged lepton mass matrices of Eqs. (3.9) and
(3.10) using Eqs. (3.3) and (3.5). We compare the predicted value of mµ/mτ in our model with
the renormalized value mµ/mτ evaluated at a common energy scale MZ using the experimentally
measured values of mµ and mτ , and require that the predicted value lies within the 3σ range
of the associated uncertainty [19]. This constraint produces a correlation between the SL2 × SR2
perturbation parameters. In Fig. 1, we show the correlations between (|d`|, αI`) and (a`, b`) for
Cases-I and II, respectively. The central curve in both plots of Fig. 1 can be explained by the
leading order expansions,
mµ
mτ
=
2
9
|d`|
(
1− 2
9
|d`| cosαI`
)
+O(|d`|3) , (3.11)
for Case I, and
mµ
mτ
=
2
9
(a` − b`)2 +O(a3` , b3` , a2`b`, a`b2` ) , (3.12)
for Case II. We conclude from Fig. 1 that for Case I, 0.25 . |d`| . 0.29 is required with a weak
dependence on αI` . For Case II, a relatively broad range of values are allowed for a` and b`, which
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FIG. 1. The correlation between the SL2 × SR2 perturbation parameters in the charged lepton mass matrix
with mµ/mτ within its 3σ measured range. The left panel shows the correlation between |d`| and αI` for
Case I, and the right panel depicts the correlation between a` and b` for Case II. We do not find any
correlation between a` or b` with αII` at the leading order.
is expected owing to the larger number of parameters. From Eq. (3.12) we see that there is no
phase dependence at the leading order for this case. However, when higher order terms are included
in the numerical calculation, we observe that αII` is constrained within pi/2 . αII` . 3pi/2, for
0.3 < a`, b` < 0.5. For all other values of (a`, b`), αII` remains unconstrained.
For the neutrino mass matrix we consider both the normal hierarchy (NH) and the inverted
hierarchy (IH). The initial neutrino mass matrix is
M (0)ν = diag
(
m01,
√
(m01)
2 + ∆m221,
√
(m01)
2 + ∆m231
)
for NH (3.13)
= diag
(√
(m03)
2 + ∆m231,
√
(m03)
2 + ∆m231 + ∆m
2
21,m
0
3
)
for IH , (3.14)
where ∆m221 (∆m
2
31) represents the best-fit value of the mass squared difference, ∆m
2
21 (∆m
2
31).
Here, m01 (m
0
3) is the lightest neutrino mass for NH (IH). Then we add arbitrary perturbations
to the complex symmetric neutrino mass matrix M
(1)
νij = νije
iανij , where νij ≤ 0.01 eV and
ανij ∈ [0, 2pi]. The full neutrino mass matrix is
Mν = M
(0)
ν +M
(1)
ν . (3.15)
After adding arbitrary perturbations to the neutrino mass matrix, we diagonalize it and impose
cuts to ensure that ∆m221 and ∆m
2
31 are within the 3σ ranges of their experimental values [20].
Then, we impose additional cuts to select perturbation parameters that also give θ12, θ13, and θ23
9Case Hierarchy Charged lepton perturbations Neutrino sector perturbations VPMNS observables
|d`| or a` b` αI` or αII` mlightestν νij ανij
mµ
mτ
∆m221 |∆m231| θ12 θ13 θ23 δCP ϕ1 ϕ2
[Radian] [eV] [eV] [Radian] [eV2] [◦]
I
NH 0.270 - 4.98 5.15× 10−2
0.0095 0.0004 0.00004 1.35 5.14 0.89
0.058825 7.28× 10−5 2.47× 10−3 34.1 8.20 45.3 8.67 15.9 1.66– 0.0039 0.0039 – 5.31 0.04
– – 0.0005 – – 5.18
IH 0.275 - 0.99 1.97× 10−5
0.0022 0.0074 0.0054 2.22 4.87 3.96
0.058816 7.08× 10−5 2.44× 10−3 32.6 8.31 52.9 37.7 308.8 305.9– 0.0044 0.0053 – 1.93 0.91
– – 0.0045 – – 5.59
II
NH 0.489 0.022 2.67 1.31× 10−2
0.0016 0.0016 0.0095 1.61 1.30 6.06
0.058833 7.25× 10−5 2.60× 10−3 37.3 8.47 41.3 2.42 352.7 9.50– 0.0021 0.0015 – 3.68 5.22
– – 0.0067 – – 1.97
IH 0.537 0.096 3.20 4.18× 10−4
0.0018 0.0008 0.0049 5.13 5.61 3.00
0.058836 7.19× 10−5 2.54× 10−3 32.6 7.91 49.2 160.6 56.2 63.1– 0.0035 0.0052 – 1.81 5.77
– – 0.0028 – – 0.92
TABLE I. An illustrative set of perturbation parameters for charged lepton and neutrino sectors, and the
corresponding values of neutrino mass and mixing observables for Cases I and II. Since the neutrino mass
matrix is complex symmetric, we only show the perturbation parameters in the neutrino sector for i ≤ j.
within 3σ ranges of their measured values [20]. We find a few solutions that satisfy all the above
criteria, but we do not find any preference for δCP or the Majorana phases ϕ1 and ϕ2. In Table I
we list the perturbation parameters of benchmark points for each case and each hierarchy that
satisfy all the above constraints. We use the MPT package to compute the Majorana phases for our
benchmark points [21].
B. Mass and mixing observables in the quark sector
Now, we discuss our fit to the quark mass and mixing observables. For the up quark mass
matrix, we follow the same procedure as used for the charged lepton mass matrix in the previous
subsection. Also, we obtain relations identical to Eqs. (3.11) and (3.12) with mµ/mτ replaced by
mc/mt, and the charged lepton perturbation parameters replaced by the corresponding up quark
ones. Then we apply the constraint that the predicted mc/mt is satisfied within the 3σ range of the
renormalized value of mc/mt at MZ computed from the experimentally measured value [19]. The
resultant correlation between the SL2 × SR2 perturbation parameters for the two cases are shown in
Fig. 2. The layout of the figure is the same as that of Fig. 1. The conclusions pertaining to Fig. 2
are also qualitatively similar to that of Fig. 1. While 0.03 < |du| < 0.04 is necessary for Case I, a
broad range of values of au and bu are allowed for Case II. No preference for the phase is evident
in either case.
For the down quark mass matrix, our starting point is again a democratic mass matrix since
10
0.005 0.010 0.015 0.020 0.025 0.030
0
1
2
3
4
5
6
|du|
α I u
0.01 0.05 0.10 0.50 1
0.01
0.05
0.10
0.50
1
aq
b q
FIG. 2. The same as Fig. 1, but with mc/mt within its 3σ measured range.
down quarks obtain their mass in an initially similar manner to charged leptons and up quarks.
However, as discussed earlier, the residual SL2 × SR2 symmetry needs to be completely broken in
order to obtain nonzero values of θ12 and θ13 in VCKM. Thus, the full down quark mass matrix is
parametrized as
Md =
M0
3
[
1 1 1
1 1 1
1 1 1
 +

d11e
iαd11 d12e
iαd12 d13e
iαd13
d21e
iαd21 d22e
iαd22 d23e
iαd23
d31e
iαd31 d32e
iαd32 d33e
iαd33

]
, (3.16)
where dij ≤ 0.1 and αdij ∈ [0, 2pi]. These parameters may be interpreted as a combination of
SL2 × SR2 invariant and random perturbations. We diagonalize the down quark mass matrix and
ensure that ms/mb and md/mb lie within the 3σ range of ms(MZ)/mb(MZ) and md(MZ)/mb(MZ)
(evaluated from their measured values) [19], and the VCKM parameters θ12, θ13, θ23, and δCP [22]
are also within 3σ of their observed values. In Table II we list the perturbation parameters of
benchmark points for each case that satisfy all the constraints.
Having established that SL2 ×SR2 perturbations in the charged lepton and up quark sectors along
with arbitrary perturbations in the down quark and neutrino sectors provide a consistent model,
it is clear that the same is true if the residual symmetry is S2 because of the larger number of
independent parameters in the corresponding perturbation mass matrix.
11
Case Up sector perturbations Down sector perturbations Mass ratios VCKM observables
|du| or au bu αIu or αIIu dij αdij
mc
mt
md
mb
ms
mb
θ12 θ13 θ23 δCP
[Radian] [Radian] [◦]
I 0.015 - 4.84
0.016 0.062 0.032 5.44 4.98 4.76
0.00327 0.00152 0.02910 12.98 0.194 2.427 60.50.008 0.072 0.027 1.49 4.68 5.03
0.080 0.099 0.002 0.83 1.38 0.71
II 0.445 0.351 2.77
0.017 0.002 0.011 2.42 1.11 5.15
0.00274 0.00132 0.03047 12.89 0.204 2.484 64.50.034 0.020 0.027 2.49 4.60 5.33
0.019 0.083 0.074 4.85 2.39 2.88
TABLE II. An illustrative set of perturbation parameters for the up and down quark sectors, and the
corresponding values of quark sector mass and mixing observables for Cases I and II.
IV. CONCLUSIONS
We consider a broken democracy model to explain the mass and mixing patterns in both lepton
and quark sectors. We begin with democratic mass matrices for the charged lepton, up quark and
down quark sectors, and a diagonal mass matrix for the neutrino sector. The difference in the
structure of neutrino mass matrix from the other sectors can be understood by a distinct breaking
of O(3)L symmetry in the neutrino sector. Although the mass matrices outlined above naturally
explain two large mixing angles in VPMNS, vanishing masses for the first two generations for both
charged leptons and quarks are predicted. Hence, to explain the observed fermion masses and
mixings, the SL3 × SR3 symmetry in the democratic mass matrices needs to be broken.
We propose a model in which SL3 ×SR3 is broken to a smaller discrete symmetry, SL2 ×SR2 , which
is manifested as small perturbations to democratic mass matrices. SL2 × SR2 perturbations in the
charged lepton sector alone can not explain the observed solar (θ12) and the reactor (θ13) mixing
angles of neutrinos. We find a remedy to this problem by introducing arbitrary perturbations in
the neutrino mass matrix, which can be generated by assuming that there is no remnant symmetry
in the neutrino sector. We analyze two special cases of SL2 × SR2 invariant perturbations and
find solutions that satisfy all mass and mixing observables in the lepton sector within 3σ of their
measured values.
On the other hand, for the quark sector, it is expected that the perturbation matrices in both
the up and down sector should preserve an SL2 × SR2 symmetry since they obtain their masses in a
similar fashion to charged leptons. However, this leads to θ12 = θ13 = 0 in the CKM matrix. We
therefore assume that the residual SL2 × SR2 symmetry in the down quark mass matrix is entirely
12
broken and the resulting perturbations are arbitrary. Under these assumptions, we obtain solutions
consistent with up-type and down-type quark mass ratios and the CKM parameters within 3σ of
their experimental values.
Note that the remnant SL2 × SR2 symmetries in the charged lepton and up quark mass matrices
may also be broken. However, since the SL2 × SR2 invariant perturbations already provide a viable
solution for these sectors, such a symmetry breaking has to be much softer than for down quarks.
This is not unnatural since the hierarchy of down quark masses is relatively mild compared to
that of charged leptons and up quarks. Our analysis shows that a consistent flavor model for SM
fermions results from a breaking pattern, SL3 ×SR3 → SL2 ×SR2 , with eventual breaking of the residual
SL2 × SR2 symmetry. One can also construct models by replacing SL2 × SR2 by the smaller symmetry
S2.
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